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ABSTRACT. In this paper, some patch recovery methods are proposed and an-
alyzed for finite element approximation of elasticity problems using quadri-
lateral meshes. Under a mild mesh condition, superconvergence results are
established for the recovered stress tensors. Consequently, a posteriori error
estimators based on the recovered stress tensors are asymptotically exact.

1. Introduction. In recent years, the adaptive method based on a posteriori error
control has become one of the most popular numerical methods for solving PDEs.
In this paper, we will focus our attention on a posteriori error estimators based
on gradient recovery techniques. The most well-known gradient recovery method is
the ZZ patch recovery method developed by Zienkiewicz-Zhu [23]. Recently, Zhang-
Naga proposed a new recovery technique [17], which is different from the ZZ patch
recovery. The main advantages of the new recovery technique are as follows: It is
polynomial preserving under arbitrary meshes, a property not shared by the ZZ;
it is superconvergent under minor mesh restrictions. In this paper, we will use
the recovery techniques developed by ZZ and Zhang-Naga to construct a posteriori
error estimators for linear elasticity problems.

While residual type estimators have been well researched even for elasticity prob-
lems, (cf. [7],[8]), we have not seen theoretical analysis on recovery type error es-
timates for these problems. Nevertheless, recovery type estimators are widely used

2000 Mathematics Subject Classification. Primary: 65N30. 65N15; Secondary: 65N12, 65D10,
41A10.

Key words and phrases. Finite element, Superconvergence, Gradient recovery, Linear elasticity.

The first two authors are supported in part by the special funds for major state basic research
projects (973) under grant 2005CB321701 and the National Natural Sciences Foundation of China
under grant 10731060.

The third author is supported in part by the US National Science Foundation under grants
DMS-0311807 and DMS-0612908, and by the National Natural Sciences Foundation of China under
grant 10571053.

163



164 ZHONG-CI SHI, XUEJUN XU AND ZHIMIN ZHANG

in engineering application. It is confirmed numerically that these type error esti-
mators are very effective for computation of elasticity problems [21, 23, 24]. In this
paper, we will present some recovered stress tensors and show that the relevant a
posteriori error estimators are asymptotically exact. The theoretical results given
in this paper are numerically supported by ZZ in [21, 23, 24]. On the other hand,
the analysis here generalizes the results in [20] for the second order elliptic problem.
Analysis of other recovery techniques including the ZZ patch recovery for the second
order elliptic equation with triangular meshes can be found in [15].

This paper is organized as follows: Section 2 describes the model problem un-
der consideration. Section 3 introduces the finite element method followed by the
derivation of the superconvergence error estimate in Section 4. Section 5 is devoted
to construct the recovered stress tensors, and derive their corresponding supercon-
vergence errors. Finally, in the last section, we will give the reliable a posteriori
error estimators based on the recovered stress tensors.

2. Elasticity problems. Let Q C R? be a bounded convex polygonal domain with
vertices S;, edges I';; connecting S; and S;. Here indices on I';;,.S; are understood
as integers modulo n. In this paper, we consider quadrilateral bilinear finite element
approximation of pure displacement and pure traction elasticity problems.

For any v = (v1,v2) € VE(H(Q))?, we set

o 1( 6’01‘ + 81}]‘
0ij(v) = Mdivv)di; + 2peii(v), 1<4,j <2,

€ij(v) ), 1<i,j<2,

where the constants A > 0 and g > 0 are the Lame coefficients, and §,; = 0(¢ # j),
8;i = 1. Moreover, we set for any v € V, the expressions (|v;|2, + |v2]2,)? and
(lo1]|2, + |lv2]|2,)2 for (m = 0,1) will still be denoted by |[v]m and ||[v]m,, the
expressions | - ||, and | - |,,, represent respectively a norm and a seminorm over the
Sobolev space H™(Q) (cf. [9] for details).

We define the bilinear form a(-,-) on V' x V by

a(u,v) = /QZ oij(w)eqj(v)de

ij=1

2
= )\/ divudivvdz + 2 Z gij(u)e;;(v)da
Q
= A(divu,divv) 4 2u(e(u),e(v)),

and the linear form

2
(f,v) = / > fovidw  fi € L*(Q).
Q=1
For any k > 1, define the Sobolev space

H*(Q) = {ve H(Q)?: / vdz =0, / rotvdz = 0},
Q Q
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3112 81}1

where rotv = Do Doy Then the weak formulation of the pure traction elasticity
il i)
problem is to find unknown displacement u € H!(Q) such that
a(u,v) = (£,v) + (g, v) ¥v € F (%), (2.1)

where the inner product (-, -) defines the boundary integration

<g,V>=Z/ g; - vds.
i=1 7T

For the above pure traction problem to be uniquely solvable, the following com-
patibility condition must be satisfied

(f,v)+(g,v) =0v eRM,
where the space of infinitesimal rigid motions RM is defined as follows:
RM = {v: v’ = (a+ bxg,c — bxy), a,b,c € R}.

For the pure displacement problem, the boundary value problem can be written
as:

—uAu+ (A + p)grad(divu) =fin Q (2.2)
u =0 on 0. ’
It has the following weak formulation: Find u € H}(£2) such that
p(gradu, gradv) + (p + A)(divu, divv) = (f,v) Vv € H;(Q). (2.3)

By the Poincare inequality, we know that there exists a unique solution to the
above pure displacement problem.

3. Finite element discretization. Let T} be a partition of the domain Q by
convex quadrilaterals with the mesh size h := maxier, hi, hix the longest edge of
K. Let K = [~1,1] x [~1,1] be the reference square with vertices Z;, and let K
be a convex quadrilateral with vertices ZX (zX yX), i =1,2,3,4. It is known that
there exists a unique bilinear mapping Fx such that Fx(K) = K, Fx(Z;) = ZK
given by

4 4
K K
x = E x; Ny 29 = E Y; Ny,
i=1 =1

where
Ni= 106 -m), Ny= 101+ )
Ny= (1 +6)(1+n), No=7(1- 1 +).

By a simple manipulation, we can explicitly express the mapping Fx as:
z1 = ag + a1§ + azn + azén, r2 = by + b1€ + ban + b3y,
where by suppressing the index “K”,
ap = (T1 + 22 + 23 + 24) /4, bo = (Y1 + Y2 +y3 + ya)/4;
a1 = (=21 + 22 + 23 — 24) /4, bi = (=1 +y2 + Y3 — ¥a)/4;
az = (—x1 —x2 + T3+ 24)/4, be = (=1 — Y2 +y3 + ya)/4;
az = (z1 — 22 + 23 — 24)/4, by = (Y1 —y2 +y3 — ya)/4.
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The Jacobi matrix of the mapping F is

oz, Oxo

SE B + b1 + b3n
DF — | 9¢ o | _| ¢amas o17mU3
(DFg)(&;m) l %znl %rnz az +azf bz + b3

The determinant of the Jacobi matrix is
Jr = Jx (&) = Jg' + I E+ I3, (3.1)
where
J({< = a1b2 — blag, JlK = a1b3 — b1a3, JQK = bg(lg — a2b3.

The inverse of the Jacobi matrix is

928 On 1 by + b€ —b—b 1
91 9m | —(DFg) t=— | 277 L7l X (32
[e;{;i 5272] (DFi) Ji | —a2 —as§ a1+ asn Jx (32)
It can be shown that
K
7= gk 0.0) = B e >0 (33)

For any function v(z1, 22) defined on K, we associate 4(£,n) by

0(&,m) = v(z1(&,m),22(8,m)), or & =vo Fi.
It is straightforward to verify that
v ov 9§ 00 Jn

9o 00 | Ondm
1 o0v 0v
— by 4 bat, —by — bap[ 22, LT
K[ 2 35 1 377][85 877]
1 B
= EB'V’U,
here B := [by + b3&, —by — bsn]. Similarly,
o onos v on
Ory  0€0xy  OnOxg
! 8 99
= E[*GQ —as€, a1 + asﬂ][afgv 877]
1 o
= EA'V'U,

here A = [—ay — a3, a; + azn].
We denote the midpoints of Z5Z, and Z;Z3 as O and O-, respectively and let
P; is the midpoint of edge Z;Z; 11, i = 1,2,3,4, (Figure 1). We have

1

PPy = 5(332 +x3 — x4 — 21,92 + Y3 — Ya — y1) = 2(a1,b1),
1

PP = 5(333 + x4 — 21 — X2, Y3 + Y4 — Y1 — Y2) = 2(az, ba),

1
0,0, = 5(331 +x3 — 2 — T4, y1 + Y3 — Y2 — ya) = 2(as, b3).

Then
|PoPy| = 2(a? +b2)%, |PiP3| = 2(a3 + 3)%, |0105| = 2(a2 + b2)2,
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FIGURE 1. Quadrilateral

Moreover,it is easy to prove that

1 1 .

Jg( = |ZP2P4 XP1P3| = Z‘P2P4HP1P3|SIHOZK, (34)
1 1 .

JE = |ZPQP4 x 0104] = 1\Pzp4||0102|smﬂ,<, (3.5)
1 1 .

Jy = |ZP1P3 x 010:] = 1‘P1P3||0102|SIH'YK, (3.6)

where ag is the acute angle between two lines Py Ps and P, Py, Ok is the acute

angle between two lines P, P, and 0102, and ~yg is the acute angle between two
lines P; P3 and O10s.

Definition 3.1. A convex quadrilateral K is said to satisfy the diagonal condi-
tion if

dg = |0102| = O(h};ra), a > 0.
Note that K is a parallelogram if and only if dg = 0.

Remark 1. Using di to characterize asymptotic quality of quadrilaterals in anal-
ysis can be traced back at least 20 years, cf. [14], also see [11] for more discussions
on mesh conditions. Note that all quadrilaterals produced by a bi-section scheme
of mesh subdivisions have the property a = 1.

Definition 3.2. A partition T}, is said to satisfy condition « if there exist oo > 0
such that 1) any K € T}, satisfies the diagonal condition; and 2) any two K1, Ko
in Ty, that share a common edge satisfy a neighboring condition: For j =1,2

0yt = a7t (14 Olhi, +hie,), b7 = b1+ Ohe, + b)) (37)

Remark 2. Let us comment on the geometric meaning of condition «. Observe

that

K K K K .
Y=apt, bt =057, =12

implies

PSP =9(ay,by) = P2 P2, PEYPIY = 2(ay, by) = P2 P2
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Therefore, the neighboring condition characterizes how “similar” the neighbor quadri-
laterals are. Together with the diagonal condition, quadrilaterals under condition
a cannot deviate from parallelograms too much asymptotically. It is well known
from the literature that parallelogram mesh means superconvergence.

Remark 3. We may use another parameter, say (3, in Definition 3.2 for the
neighboring condition. Then we need to carry both parameters all the way in later
statements and proofs, and have v = min(«, ) for the convergence rate. In order
to simplify the matter, we understand from the very beginning that the « is the
smaller power in the diagonal condition and the neighboring condition.

To obtain optimal order error estimate in the H'-norm for the bilinear isopara-
metric interpolation on a convex quadrilateral K, namely, the estimate

||U - ’U]HQ + hK‘U - ’U]|17K < Ch%\uh’;{, Yv € Hl(K), (38)

we need the following degeneration condition, which was introduced by Acosta and
Duran [1].

Definition 3.3. A convex quadrilateral K is said to satisfy the regular decom-
position property with constants N € R and 0 < ¥ < 7, or shortly RDP(N, V),
if we can divide K into two triangles along one of its diagonal, which will always be
called dy, in such a way that |d1|/|d2| < N and both triangles satisfy the maximum
angle condition with parameter ¥(i.e., all angles are bounded by ¥).

By the definition of Jg, and the geometric relations of (2.3),(3.1)-(3.3), we can
easily check that

Jg oy I oy I3 o
—— =1+ 0(hk), w— =0(h%), — = O(hk), (3.9)
JK Ik JK
J o JE o JE o
T =1+ 00%), T = O(h), e = Ohiy), (3.10)
0 0 0
Define
Ag = [—ag,a1], A1 = [—a3§, azn]
BO = [b27 _bl}z Bl = [b3§a _b377]'
We denote
A=Ay+ Ay, B=By+ B;. (311)

Lemma 3.4. Let a convex quadrilateral K satisfy the diagonal condition. Then
(@) [BoX 72 1+ O0(h%), [|BiX "2 < O(h%),
(b) 140X 2 <1+ 0(h%), 41X 2 < O(h%).

Proof. We only prove (a). The proof of (b) is similar. It is straightforward to verify
that

1 ap b a b
By X! = [by—by] - — 1 1] [ 37 377]
0 [b2, —b1] JK(|:G/2 by |+ asE  bat )
Jo 1
= —[1,0] + ——[b2a3 — bras§, babsn — b1bsf],
JK JK
1 a; b a b
B X! = [baf. —ban] — 1 0 31 ban
1 [b3&, —ban] JK(|:Q2 b2]+[a3§ bat )
1

= T[albgf - a2b3n, bgblf - bzbg’lﬂ.
K
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Then

24«
Joy ol

Bo XY, <
[BoX "2 < T T

<1+0(h*), (3.12)

) 1 .
|1B1X 2 < Hﬂ[albi’f — agbsn, bgb1& — babsn]|l2 < Ch™.

O
Next we define the finite element space Sy, on T}, as follows:
Sp={veH'(Q):0=voFx € Qi(K), VK € T},}, Vi =S X Sh.
Here Q,(K) is the bilinear function space on the reference element.
. ov ov
4. Superconvergence analysis. Define — and —— as follows:
X1 X9
v 1 - v 1 .
— = —DBy- Vi, — = —Ay- V7, 4.1
8x1 Jo 0 v 81’2 JO 0 v ( )
where By = [ba, —b1], Ag = [—a2,a1]. Based on the definition, we can define the
modified divergence and strain tensor by
divy = 2 002
N 8331 6332’
and
- 1 51@ Ov .o
) = lyv)] = (g + 5 3 =12

for any v = (v, v2).

dv v
Next, we define some new bilinear forms based on . and T on element K
X1 i)

as follows:

(e(w), (W)} = JE / E(w) : E(v)déds,

K
and

(div(w),div(v))} = J({(/Kdiv(w)d;v(v)dfdn.

Theorem 4.1. Assume that K satisfies the diagonal condition. Then for any
v = (v1,v2),w = (w1, ws) € V},, there exists a constant C' independent of mesh sizes
h such that

(@) [(e(w),e(v))k — (E(w),&(V)) k| < CR*[[wll1 k [[VI1.x,

(0)  [(div(w),div(v))x — (div(w),div(v)) k| < Ch¥||wl1 k[|V]1.x-

Proof. First we prove (a). The definition of €, and & gives

(e(w),e(v))x — (E(W), £(v))k
= Z (g4 (W), €65 (V) e — (Ei5(W), €55 (V) k-
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We estimate these terms one by one. For the first term, we have

(en1(w),e11(v))x — (E11(w), é11(v)) k

_ (% %) duwn duy

T \Ox 0x KT & Oz 011

- /(tiuh) (L By) Jcdedn
T T

R
—Jg /(JTBOVW1)T(JTBOVU1)d§dn
K 0 0

1 AL - 1 . .
- /A T(val)T(val)dfdn —/ ?(Bovwl)T(30VU1)d£dn
K YK K Jo
1 - 1 A
= [/ 7o BVw1)T(BVv1)d§d77—/ J—K(Ble)T(BVvl)dfdn]
K JK i Jp
1
+[/ f(BVUA)l)T(BVUl)ddeI—/ —z (BoVin) " (BoViy )dédn)
& Jy i Jg
= Ei+ k>
For the term E7, we can estimate it as follows:
Ow; dvy / Jx 0wy Ovq
By = ——drid —— ——dxd
! 8.731 (9$1 1ty = K .]0 8,131 (9561 Tt
JK 8’11}1 3’[}1
= 1— —%)7——-—dzid
/K( )8.131 8l‘1 L1022
_ JE J3*  Qwy Ovy
- /K(J({( +JK )(9 a ldxldxz
S Cho‘|w1|1|v1|1.

In the last inequality, we have used (3.10).
Next, we estimate the term Fs. Because B = By + B, we have

Ey, = JLK[/ (By Vi) (B Von)dédn + / (BoViin) (B1 Vi )dédn
0 JK K
+/A (B Vi )T (By Vi )dedn).
R

We only estimate the first term in the above formulation. The estimation of the
other two terms is similar. Using Lemma 3.4 and (3.7) yields

- JKI / " (BY Bo) (Vin e
_ U
= |/ JK JK 1)T(X 1)T(B?BO)X 1(EXVvl)dx1dx2\
1.
= I/ Xvwl)T(BlX*)T)(BOX*l)(J—XV@l)dxldm
K

= I/ (V)T (B1X™T)(BoX ") (Vor)dardas|

< Ch® |w1|1,K|U1|1,K-
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Hence, we can obtain

(e11(w),en1 (V) — (€11 (W), €11 (V) i < Ch® w1,k |v1l1,x- (4.2)
Similarly, we have
(e22(W),€22(V)) k — (£22(W),E22(V)) )k < Ch|wa|1, K |v2]1 K- (4.3)

For the term,
(e12(w),e12(v)) k — (E12(W), €12(V)) s

we can derive that

(e12(W),€12(V)) k — (E12(W),€12(V)) k¢

1 Ows  Owy., Ove  Ouq
a 4 /K(al‘l + 61}2 )(8.131 * 8 2)d$1d$2
1 Aw Owy . Ov v
_ K= g2 M1 2 1
Jo 4/(8361 + 0vs )(8:131 Ovg 0, )
B Owsy Ovy dwy Ay
- [ 8%1 a$2 d$1d$2 JO 8951 81'2 "7]
Owy Ovs dw; vy
+*[ (’chgé)ixld 1dl’2 JO 8%2 8x1d 77]
Owsg dvy K dwa Oy
[ - Dry ax2d$1d$2 Jo | - D1y Oy n]
Ows Ovg K [ Ows duy
+l Doy 9y 14T =0 [ gy

= H1+H2+H3+H4.

Using the same techniques as the estimation for (4.2), we can estimate H;, (i =

1,...,4) one by one, and finally we can get

4

> Hi| < Cholwli k| (4.4)
i=1
Then combining above two equalities yields
(e12(W), €12(V)) x — (E12(W), E12(V)) | < Ch| W1 |V k- (4.5)
Similarly, we have
(e21(W), £21(v)) ik — (€21(W), E21(V)) k < Ch¥|[ W1 k[V]1 K, (4.6)
which, together with (4.2),(4.3),(4.5), gives (a
The proof of (b) is similar to the proof of (
0

We then define a modified bilinear form over the finite element space V}, as

follows:

V)i + A (diva, divy)je, Yu,v € V.

ap(u,v) =24 Z(é(u) £
K

Theorem 4.2. Assume the partition T}, satisfy the diagonal condition and
RDP(N,¥), and let u' be the finite element interpolation of the function u =

K
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(u1,u2) € H3(Q) NHE(Q) under quadrilateral meshes. Then for any v = (v1,v2) €
Vi, = Sh X Sh,

lan(u — ', v)| < C(K " ulz,0 + A2 [uls.0)lIv]|L0. (4.7)

Proof. By the definition, we have
ap(u—u',v) _2“2 (E(u—ul),&(v) K+/\Z (div(u —ub),divv)i,  (4.8)
K K
For the first term in the right hand side of the above equality, we have

2
(Eu—u"),EW)ic = Y (Ey(u—ub), &5 (V).

ij=1

By simple calculation, we get

(En(u—u"), e (v)k

~ A
= J({(/ 76(1“ ul)%dl‘ld{ﬁg
K

6$1 61‘1
_ / ¥ (ady — BOTBO)vvldgdn
_ (i — ) Juy b? 3@1 —af) vy
- JK P T oy o ddn
bgbl / 8(121 ) 81}1 b2b1 / 8(’&1 ) aUl
—d dn — =~ d&d
[JO o€ . J0 on ¢ el

We estimate the terms on the right hand side of the above equality one by one. For
the first term, if 4 € Py(K), it is easy to see that

6(’& ) 67)1 -
/f( 7@5 a€ dédn = 0.

So by the Bramble-Hilbert Lemma and the fact \;—%d = O(1), we have
0

b?/ o) 00
K

Jg o o¢
< C”DSﬁlHo,kwlh,f(
< C(h}(+a|’u1|2,K + h%{|ul|3,K)|U1|1,K-
Similarly,
ot I ow o
/ Jdﬁd | < C(hyd *[urla,x + hicluals ) v1]1, k-

Next we estimate the last term. For any vy € Sp,, we can express

oo 0t Poy 06, 0y &0,
€ = 875(0’0) ”agan’ o 8777(0’0) +£f@n’
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Then we can write

bty [ 00— o i — ) vy
[ ek dean + [ e

I o 0¢
= bjf(l [%”1 (0, 0)/ a(ulag)dgd + %12(0 0) /K Wdﬁdn]
bgbl gg;; / ¢ D gedn + 2 S / ) ge.
Since for any u; € PQ(K ), it is easy to check that
g;;; /K 8(1118g ﬁ{)dgdn o, g;;; [ 8(1118; ﬁ{)dgdn o

Applying Bramble-Hilbert Lemma gives
b2b1 (’91)1 / 8(&1 ) (91)1 / 8(121 — ’EL{)
0,0 A~y dn+ —=(0,0 ————=d¢&d
< CHD?’U1||0,1A<|@1|1’12 < C(hgdurla, e + hiclun|s i) |vr]1 s

For the term

’LL1 - 1 32111 8(52 — 1) 8(111 — ﬂ{)
%%/f Dagay - 2%%/: 9 oe
- 1 621}1 0 ( AI) 1 (92’[}1 82121
--Qagm/kg—lr—7%fidwn 3o [ (€~ DG

1

1 ! 6%} 00 1 a ul ob
= 3/ @0 gee b3 [ (€ - Ggh g e

0%y, 0
2 1 06y
(€ = Vg g et

Similarly,
9201 (i, —af)
3&‘07}/&” on d&en
= L ' 2 8 1 ! 2 82UA1 o0v
- 5/_l(n —1)( 72 5)(_1’”)d5_§/_1(” _1)(W)5§(1’”)d5

D3ay 0D
2 1 o
+/f((£ 1)8528n6£dd

Then combining above two equalities yields

b2b1 321}1 u1 Ul) 8 8(121 — ﬁ{)
Y e

(9 U1 8111

bab
- e [
2 8U1 8’01 2 83ﬁ1 8’[71

b2b1 (9 uy (%1
l; —ds
;| | / 852 Os

+C(h}<+o‘|u1|271( + hiclua s i) |vr 1,k

IN
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here [; are four edges of K. Using the neighboring condition, for any two elements
K, Ks, that shares a common edge, and the trace theorem, we have

‘(bflbéﬁ b{(2b§2)|l2/(t( o 1)5 w dur
- s
J Jke ) ds2 s
< ChYP(h M urlo,k |vi|1 i + hluils,x|vi]1 k)
< C(ht™|urlex + b luils r)|vi]1 k-
Adding all elements K € T together gives
> En(u—u"),éan(v)k
K
< C( ]z + h?luas)|vr i (4.9)
Similarly, we have
> (Ena(u—uh),En(v))ie
K
< C(h'™* ]z + hP[uals)|vr] (4.10)
For the term
2(512(11— u'), &2 (v))k
B Auy —ul), vy Ouy
a Z/ 8:01 da:ldx2 + 0x4 )(8131 + ox Q)dl']_dl’g
- 1 8(uz ) 67}2 8(1&2 ) 81}1
d(ur — uf) vy A(uy — ul) Oy
AT d AU ) I g d
* /K Jxa 0x1 L1072 + 0x, Do x1dxs)

= h+L+I3+1,

Using same arguments as in the proof of (4.9), we can estimate I; one by one, and
finally we can get

2(512(11 — uI)’ é12("))?(

K
< C(hM|uly + A% |ul3)|v];. (4.11)
Similarly, we have
D (En(u—u"), &1 (v)k
K
< CO(h*™uly + A?ul3)|v]:. (4.12)

Using the same technique, we can prove that

Z(div(u —ul), divv)%
K
< C(h"* |y + h2|ul3)|v];.

Conclusion follows by combining (4.8)-(4.12). O
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From the proof of the above theorem, we know that the following result is also
valid.
Proposition 4.1. Assume the partition T} satisfy the diagonal condition and
RDP(N,¥), and let u! be the finite element interpolation of the function u € H3(Q),
under the quadrilateral meshes. Then for any Qo CC ), v € V}, = Sy, X S, we have

|an,0,(u—u', v)| < C(A'""*|uls,q, + h2uls.q,)[v]ie- (4.13)

Theorem 4.3. Assume that T, satisfies diagonal condition, and RDP(N, V).
Let u € H3(Q) NHY(Q) be the solution of (2.1), let uy, and u! be the finite element
approzimation and the finite element interpolation of u, respectively. Then

(1) ' —wh <O ulzg + P ulse)
2 o) —o(up)lo < C(h'ulzg + h*[ulsq).
Proof. By Theorem 4.1, and Theorem 4.2, we can derive
a(u—ulv) < Ja(u—ul,v)—ap(u—u',v)|+ |ap(u—ul,v)|

Ch® Z lu—u'fy x|v|1 + ap(u—ul,v)
K

IN

IN

C(h'™[ula,0 + h%[uls.0)|v]:-

Using Korn equality gives

[u' —ups < COflju’ — il
< Csw a(u! —uyp,v) — s a(ul —u,v)
vevi VIl vevi VIl
< O ulzg + hufs0),
where ||| - ||| = a(-,-) 2. By the definition of the stress tensor, we have

lo(a®) — olw)lo < 2ulle(u) — e(un)llo + Aldival — divus
< Chu' —uply < C(R'T¥uls,n + h2|uls ).

We complete the proof. O

5. Stress tensor recovery. In this section, we will introduce some patch recovery

methods, which were proposed in [23],[17] for the second order elliptic problems.

First we define a gradient recovery operator G : S, — Sp X Sp, where Sy, is

the bilinear element space under quadrilateral meshes, as follows: Given the finite

element function vy, we first define Gvy, at all vertices, and then obtain Gpv, on

the whole domain by interpolation using the original nodal shape functions of Sy,.
Given an interior vertex z;, we select an element patch w;, where

Wi = UKeTh,zef(K'

We denote all nodes on &;(including z;) as z;;,j = 1,2, ....,n(> 6). In the follow-
ing, we will introduce several fitting methods to recover the gradient of a function
v, € Sy at z; by values of z;;. To demonstrate the idea, we write the recovery pro-
cedure explicitly on the element patch shown by Fig. 2. For general quadrilateral
meshes, a computer algorithm will be needed. We use local coordinates (z1,x2)
with z; as the origin.
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1) Fitting
pi (w1, w0) = P d@ = (1,21, 22) (a1, a2, a3)"
with respect to the four derivative values at the center of each element on the patch

results in QT Qa = QT & where 7 = (01, -- ,04) (here we use o to represent d,, vy,
since the case for 0,,vy, is the same) and
1 1 1 1
QT =|(-1/2 172 1/2 -1/2

~1/2 —1/2 1/2 1/2

It is easy to calculate

4 0 O
QTQ=10 1 0
0 0 1
Therefore,
1o 1
p1 $17l'2 Zz:: O'1+O'2+O'3—04)331+2( 0'1—0'2—|-O'3—|-0'4)I2.
We then have
1(0,0) = Sh[ (v1 —vs) + V2 — Vg + Vg — V).
Similarly,
p12(0,0) = —[2(vs — v7) + v2 — vg + V4 — Vg,

8h
where v;, (1 = 1, ..., 8) denote the values of the function vy, at the vertices of K € w,
(cf. Figure 2 for details).
Now define
Gron(z:) = (Ghon(i), Ghoa(2:)" = (7*(0,0),p7?(0,0))".
2) Fitting
ait (1, 22) = pTd = (1,21, 22, 2132) (a1, a2, a3, as) "

with respect to the four gradient values at the center of each element on the patch
is the same as the interpolation. Therefore,

1
4 (z1,22) = *ZUJ (—o1+02+03—04)T1 + 01— 02+ 03+ 04)22

2(
+(U1 — 03+ 03 — 04)T122
= pi(x1,22) + (01 — 09 + 03 — 04)T1T2.
Note that ¢7*(0,0) = p7*(0,0), the same as in 1). Similarly, we have ¢5'(0,0) =
p5'(0,0). Then we define
Gron(z:) = (Ghon(zi), Ghon(2:)" = (¢7(0,0),472(0,0))" = (p7(0,0),p72(0,0))".

3) Fitting
pa(z1,72) = (1,21, T2, 27, 2172, 23) (a1, -+ ,ag)”

with respect to the nine nodal values on the patch. Now
¢=(1,1,1,1,1,1,1,1,1)", #=(0,1,1,0,-1,—1,-1,0,1)7,
37: (Oa Oa 1) 17 170a _17 _1a _1)T7 A = (gv ja7 _’a f27'f_’7 g’?)’
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111111

T \—1T .
= diag(=. = —. = = = .
(QRTQ)Q 28(5: 55625
5 2 -1 2 -1 2 -1 2 -1
0 1 1 0O -1 -1 -1 0 1
0 0 1 1 1 0o -1 -1 -1
-2 1 1 -2 1 1 1 -2 1
0 0 1 0O -1 0 1 0 -1
-2 =2 1 1 1 -2 1 1 1
0
82;?(00) 6h(7]1_v5+v2_v4+718_'06)
and 5
1
322(00) 6h(v2—U8+U3—U7+U4—ve)
Now define
Gron(z:i) = (Ghon(z:), Gron(z:)" = Vpa(0,0;2;).
4) Fitting
(J2(3717$2) = (1,1‘1,1'2,.’17%7.'1511'2,.’I}%7$%.’I}2,$1$§,$§mg)(a1, e 7a9>T

with respect to the nine nodal values on the patch is the same as interpolation.
This results in
992

1
0,0 - 5.1
am( ) = 55, (v1 = vs), (5.1)
and 5
P 1
0,0 — 5.2
31,2( ) = 55, (vs —vr), (5.2)
which is different from all above. Fitting
G2(1,72) = (171'1,1’2755%’*%11'2;55%,:5%552;xll'%)(ala s 7a8)T

with respect to the nine nodal values on the patch also produces (5.1),(5.2).
Next define

Grup(zi) = (G,llvh(zi), Givh(zi))T = Vg2(0,0;2;).

Remark 4. Fitting strategies 1) & 2) are the well known ZZ patch recovery, and
strategies 3) & 4) were proposed by Zhang and Naga in [17].

Then for any u;, = (u},, u3), we define the Stress Tensor Recovery as follows

oy (up) = 2pe™ (up) + Adiv* (uy), (5.3)
where
2
e (up) = Z (Giuz + Ghul),
i,j:l
and

div*(up,) = Gruy + Gru?,
where G}, G are defined by the above four fitting methods.

When we consider the pure traction problem, we do not need to do stress tensor
recovery on the boundary. However, if we consider the pure displacement boundary
value problem, the recovered strain tensor on a boundary node z can be determined
from an element patch w; such that z € w; in the following way: As an example, we
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4 3 2
Ky K

5 7 1
K, K,

6 7 8

FIGURE 2. Element Patch w,

consider the fitting strategy 3). Let the relative coordinates of z with respect to z;
is (h, h), then

Gron(zi) = (Ghon(z:), Gron(z:)" = Vpa(h, b z;).

Putting the gradient recovery to the (5.3) yields the stress tensor recovery. If z;
is covered by more than one element patches, then some averaging may be applied
(cf. [17] for details).

Theorem 5.1. Let T}, satisfy the diagonal condition. Then there exists a con-
stant C independent of h such that

lo*(vi)llo < Clvpli Vv, € V.

Proof. We first consider an element patch that contains four uniform square ele-
ments (Figure 2).

We discuss only the fitting strategy 3), the proof for the another three strategies
is similar. Following the recovery procedure of the above, it is straightforward to
derive
Ghotn) = 1~

. 1 1 y
= Ea—gpg(O,O) = G—h(vl — U5+ Uy — Uy + Vg — Vg) = Egc}vj, (5.4)

where the weighted ¢} are the second row of (Qf Qo) ~'Qf for the x;-derivative and
similarly

1 N 1 1
Giv(z) = Ea—ﬁpg(O,O) = 6—h(v2 — Vg + U3 — Uy + Uy —Vg) = x Z E?vj, (5.5)
J

where the weighted ¢ are the third row of (Qf Qo)™ 'Qf for the zy-derivative. By
inverse inequality,

o1 —vs[? < 201 —o(2)]? +2[v(z) — vs?
< CRA(Jlf ook, + 101 so.kc,)
< C(‘Uﬁ,xg + ‘Uﬁ,l{l)

C‘”‘%,Klqu'
Similarly
U2 — U4|2 < C|’U|§,K3UK4’ lvg — U6|2 < O|U|§,K1UK2’
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Then we have
G,lmv(z) Ch71(|v171)5\+|v271)4\+|v87v6\)
Ch_1(|v1 — 115\2 + |vg — U4|2 + |vg — v6|2)%

Ch_l ‘Ull,wz .

IANIA TN

We can also get
Giv(z) < Ch™ |1,
By linear mapping, these results are also valid for four uniform parallelogram.

We observe that the diagonal condition together with the neighboring condition
imply that for any given node z;, there are four elements attached to it when h is
sufficiently small. In addition, we can decompose the least square fitting matrix Q
associated with those four quadrilateral elements as follows:

Q=Qo+h"
where @) is the least-square fitting matrix associated with those four parallelograms.
After some simple calculations, we can show that

(QTQ)T'QT = (QQu)~'Qg + O(h*)I,

where [ is identity matrix.
Then

Glo(z) = % (& + 0.
Notice that ¢ is constant vector, so for ;ufﬁciently small h, we always have
Ghota)| < 3 (@0 < Ch ol 5.6
J
Then for any K € T}, define
WK = UK’ETh,R’ﬁI_{K/-

Let z;, i = 1,2, 3,4 be the four vertices of the element K, by scaling argument, it
is straightforward to show that

4
IGhvl§ < ChE D [Glo(z:)]*.
i=1
Combining above two equalities and summing all K € T}, together yields

IGLolls = D IGLolIE
K

4
D hi Y [Ghu(z))? < Ch2 b2 ol
K K

IN

i=1
which means

1GRollo < Clolh.
Similarly,

IGRvllo < Clols.
By the definition of the recovery stress tensor and using the above two equalities,
we see that

||U*(Vh)||0 < CY|V}L|17 Vvy € Vi

We complete the proof. O
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Remark 5. Another important feature of the recovery operator by the fitting
strategies 3) & 4) is the polynomial preserving property, which have already been
observed in [17],[19]. More precisely, let K € T, and u be a quadratic polynomial
on wg. Assume that K and all elements adjacent to K are convex. Then

o () = o (u), (5.7)
where u = (u1,uz). Actually, the fitted polynomial ps = u; when u; (i =1,2) is a

quadratic polynomial [17]. As a consequence, Vpy = Vu,, i = 1,2.

Theorem 5.2. Let Ty, satisfy the diagonal condition and RDP(N, V). Let u €
H3(Q) N HY(Q) be the solution of (2.1), and let u, € Sy be the finite element
approximation of u. Then the recovered Stress Tensor is superconvergent in the
sense

lo(u) = o™ (un)llo < C(h'*ul> + h?|uls),

where C' is constant independent of u and h.

Proof. We first consider the fitting strategies 3) & 4). We can decompose the error
into

o(u) — o*(up) = o(u) — o*(u) + o*(u! — uyp), (5.8)
here we have used the fact o*(u) = o*(ul!). By the polynomial preserving property
for the fitting strategies 3) & 4), and the Bramble-Hilbert Lemma, we can get

lo(u) = o*(u)flo < CA?|uls. (5.9)
For the fitting strategies 1) & 2), we continue to split the term o(u) — o*(u) as
o(u) = 0" (u) = o(w) — [o(w)’ + [o(w)]" — " (w),

where [o(u)]’ is the bilinear interpolation.
By the interpolation estimate, we have

lo(w) = [o(w)llo < Ch?|uls.

Moreover, using the similar techniques developed by [15], [19], we can prove that
llo ()" = o*(u)llo < Ch?|ul;.

So for the strategies 1) & 2), we also have

lo(n) —o*(u)]lo < Ch?|uls. (5.10)

On the other hand, by Theorems 4.2 and 5.1, we can derive
lo*(u! —wap)llo < [u' —urly < C(RTulz + A2[uls), (5.11)
which, combining (5.8)—(5.10), yields Theorem 5.2. O

For the pure traction problem, we can consider so-called interior estimation,
which was first investigated by Nitsche and Schatz [12]. Using this technique, the
global regularity u € H?(Q), which may not hold in general, is not required. In the
following, we will provide a local result based on the interior estimate.

We consider 0y CC 2y CC 2 where )y and 2; are compact polygonal subdo-
mains that can be decomposed into quadrilaterals. Here “compact subdomains”
means that dis(Qg, 9Q1) and dis(21,99Q) are of order O(1). Combining the results
developed in Section 4 and the standard interior estimate technique in [12], we
immediately obtain the following result.
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Theorem 5.3. Let Q C R? be a polygonal domain and Qy CC Qy CC Q. Assume
that Ty, satisfy the diagonal condition and RDP(N,¥) on Q1. Let u € H3(Q) N
HY(Q) be the solution of (2.1), and let vy, € Sy, be the finite element approzimation
of u. Then

0.00 < C(Mula.q + h2|ulz.0,),

|o(u) — o™ (up)|
where C' is constant independent of u and h.
6. A posterior error estimate. Let e, = u — uy, our purpose is to estimate the

error ||o(en)|o.0, by a computable quantity n,. We can define the error estimator
by the recovered stress tensor

nn = |lo*(an) — o(un)llo.0-

We assume that
lo(en)llo,0, > Ch. (6.1)

Theorem 6.1. Assume that the same hypotheses as in Theorem 5.3. Let (6.1) be

satisfied. Then
"h

oo 1+ O(R?), p=min(1,a). (6.2)

Proof. By the triangle inequality, we have

nn — llo(u) = a*(un)llo.0, < llo(en)llo.n, < nn+ llo(w) — o™ (un)lo.q-

Divided the above inequality by |o(ep)o.0, yields (6.2). O

Remark 6. In this paper, we just consider the compressible elasticity. For the
incompressible elasticity, i.e., Poisson ratio v — %, or equivalently A — oo, we can
use the so-called enhanced strain finite element method [13] to cope with it. The
advantage of this method is that it provides a stable locking-free element without
the need of implementing the filter. Another important feature of this method is
that we only need to solve a symmetric and definite algebraic system. The saddle
point algebraic system will be avoided. Along this line, some previous results on

non-conforming finite element methods for elasticity [6, 10, 18] would be useful.

Remark 7. Generalization of our results to higher order quadrilateral elements is
feasible. Mesh conditions would be more important since for non-tensor product
space, degeneration of approximation order may happen [3].
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